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Abstract
This exposition briefly describes the theory of potential flows from fluid
dynamics, and introduces point vortices as a tool for constructing more
complex flows with desired properties. These can be used to derive
formulae that allow us to approximate potential flow past an elliptical
cylinder, and approximate potential flow past a plate - a non-smooth-curve as a limit of potential flows past increasingly thin ellipses. A basic error
analysis is also included, showing how cusplike behavior gives rise to very
slow decay of error at certain points near the plate.

Results

Discussion

Once we had code implementing the point-vortex discretization method, we tested
it on the non-problematic cases of potential flow past a cylinder, potential flow past
an ellipse, and potential flow past a cylinder with nonzero circulation:

We have seen how point vortices can be used to discretize smooth
surfaces in order to approximate potential flow around them. We have
applied the theoretical equations to implement a function in MATLAB
approximating potential flow around the ellipse, and used the limiting
behavior of these approximations as the lesser semiradius approaches
zero to estimate fluid flow past a flat plate.
As we have seen, it becomes very difficult to obtain accurate
approximations as the extremal points of the ellipse display cusplike
behavior. This could pose challenges when attempting to calculate
potential flow past any object with sharp corners, such as a collection of
flat walls or polygons.

Background: Point Vortices
Having verified that the code worked correctly, we moved on to the problem of
approximating potential flow past a plate by letting the lesser semiradius of the
ellipse take very small values. We found that, although a reasonable-looking
streamline plot is produced, the error in the calculated velocity field (taken at a test
point) decays very slowly when the lesser semiradius decreases past 0.01 times
the greater semiradius:

One of the simplest types of potential flows consists of circular flow around a
single point vortex. By adding together the velocity fields of two or more point
vortices, more complex flows can be created. If many point vortices with low
strentgths are packed tightly together, they might seem to give rise to continuous
lines or curves, as is seen in the example below. Conversely, potential flow around
a shape or curve can be “discretized” by approximating its shape using a
collection of tightly-packed point vortices.

• How can these methods be modified and optimized to improve the
convergence rates of approximations to potential flow past a plate?
• Can other techniques (perhaps using complex analysis) be used to
obtain better approximations of potential flow past objects with sharp
corners, or even closed-form analytical expressions for some special
cases?
• Why does the error decrease much faster at some test points than
others relative to the plate’s position? Are approximations necessarily
worse near cusps and stagnation points?
• Do similar problems arise when computing fluid flow according to other
models, such as Stokes flow?
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The technique of approximating potential flow past a smooth curve as a sum of
point vortex flows around points lying on a fine grid of points along the curve is
common and well-established. This technique does not work in general for
curves that are not smooth, for instance curves that have cusps/corners.
However, non-smooth curves can sometimes be approximated by smooth
curves. By noticing that a flat plate (which is not a smooth curve) can be
approximated by a sequence of increasingly thin ellipses (which are smooth),
we will evaluate the success of point-vortex discretization to the approximation
of potential flow past a non-smooth curve.
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